If an electric charge is accelerated by a sufficiently intense electromagnetic field, the effects of the radiation emitted by the charge on the charge dynamics (radiation reaction) cannot be ignored. Here we show that classical radiationreaction effects alter qualitatively and quantitatively the infrared behavior of the spectrum of the radiation emitted by an electron in the presence of an intense electromagnetic plane wave (nonlinear Thomson scattering). An analytical expression of the infrared limit of nonlinear Thomson scattering is provided, which includes radiation-reaction effects and is valid for an arbitrary plane wave. Apart from their own conceptual importance and as a signature of classical radiation reaction, these results provide the limiting expression of the corresponding and yet unknown exact infrared behavior of strong-field QED in an intense plane wave.
Introduction
The definitive foundation of classical electrodynamics culminated with the formulation of Maxwell's equations, which, together with the Lorentz equation, allow in principle to describe self-consistently the dynamics of electric charges and their electromagnetic field. Yet the full description of the coupled dynamics of a single elementary charge, an electron for definiteness, and of its own or "self" electromagnetic field in the presence of an external force has revealed one of the most profound physical inconsistencies of classical electrodynamics: the problem of the electron self-energy. Indeed, the inclusion of the "reaction" of the self electromagnetic field on the electron dynamics (radiation reaction) has to confront an unavoidable Coulomb-like divergence when evaluating the self field at the electron position [1, 2, 3, 4] . After absorbing the divergent self electromagnetic energy via a redefinition of the electron mass, the resulting equation of motion of the electron features an additional, finite "radiation-reaction" force and it is known as Lorentz-Abraham-Dirac (LAD) equation [5, 6, 7] . In the case of interest here, where the external force is also electromagnetic, the LAD equation is derived by eliminating from the Maxwell-Lorentz system of equations the electromagnetic field generated by the electron. In other words, solving the LAD equation amounts to solving exactly the electron dynamics in the external electromagnetic field and plugging the resulting solution into the Liénard-Wiechert potentials amounts to determining the corresponding exact electromagnetic field. Now, it is known that the LAD equation has unexpected features because the radiation-reaction force contains the electron acceleration and its time-derivative. Moreover, it is plagued by serious physical inconsistencies like the allowance of the so-called runaway solutions, where the electron's acceleration exponentially increases with time even if the external field, for example, vanishes identically [1, 2, 3, 4] . The origin of the existence of the runaway solutions is precisely a term in the radiation-reaction force proportional to the time-derivative of the electron acceleration. Landau and Lifshitz realized that within the realm of classical electrodynamics, i.e., if quantum effects are negligible, the radiation-reaction force in the instantaneous rest frame of the electron is always much smaller than the Lorentz force [2] . This allows one to replace the electron four-acceleration in the radiation-reaction four-force with its "zero-order" expression, given by the Lorentz four-force divided by the electron mass [2] . The conceptual importance of the "reduction of order" put forward by Landau and Lifshitz is that the neglected quantities are much smaller than quantum effects, which are already ignored classically. The resulting equation, known as LandauLifshitz (LL) equation, turns out to be free of the physical inconsistencies of the LAD equation. The equivalence between the LL equation and the LAD equation within the realm of classical electrodynamics, in the sense that they differ by terms much smaller than quantum corrections, has been confirmed numerically in [8] in the case of a plane-wave background field and, numerically and analytically in [9] for other non-plane-wave electromagnetic background fields. Instead, the equivalence between the LL equation and the Ford-O'Connell equation, where the reduction of order is carried out in a different but classically equivalent way as for the LL equation, has been confirmed numerically in [10] . Presently the LL equation and in general the problem of radiation reaction are under active investigation both theoreti-cally [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24] and experimentally [25, 26, 27] (see the recent reviews [28, 29, 30] for previous publications).
In the present Letter we focus on the established equivalence between solving the LAD/LL equation for an electron in an external electromagnetic field and solving the coupled Maxwell's and Lorentz equations, i.e., determining the exact electron's dynamics in that field (in the case of the LL equation, short of effects much smaller than quantum effects). By exploiting this idea, we derive analytically the classical infrared limit of the energy spectrum emitted by an electron driven by an arbitrary plane wave (nonlinear Thomson scattering) including radiation-reaction effects. It is known, in fact, that according to the Lorentz equation, the asymptotic momentum of the electron after exiting an arbitrary plane wave with no dc component coincides with the asymptotic one before the electron enters the plane wave (Lawson-Woodard theorem [31, 32] ). This implies that the infrared limit of the spectrum of nonlinear Thomson scattering vanishes. Below we show that the situation qualitatively changes if the classical dynamics of the electron in the plane wave is determined according to the LL equation, i.e., by including the effects of the electron self field. The exact analytical solution of the LL equation in a plane wave [33] , in fact, shows that the two asymptotic momenta are different, which alters the infrared asymptotic behavior of the emitted energy spectrum via nonlinear Thomson scattering. It is worth pointing out the difference with respect to the results found in [34, 35] , where the authors investigate both classically and quantum mechanically the infrared behavior of the electron emission spectrum in a plane wave. Interestingly, the findings in [34, 35] show that the asymptotic initial and final momenta of the electron can be different already within the Lorentz dynamics if the plane wave has a dc component. The quantum counterpart of this effect is also investigated in [34, 35] and the quantum results are shown to be consistent with the classical ones. We also mention here that the effects of radiation reaction on the energy spectrum emitted by an electron in the presence of a time-dependent electric field of the form E(t) = kδ(t), with k being a constant, have been investigated by Dirac in [7] .
Unless otherwise explicitly stated, units with = c = 4π 0 = 1 are employed throughout. The metric tensor is η µν = diag(+1, −1, −1, −1).
Infrared behavior of classical radiation
Let us consider an electron (charge e < 0 and mass m, respectively), whose trajectory is characterized by the instantaneous position r = r(t), the instantaneous velocity β = β(t), and the instantaneous accelerationβ = β(t). The electromagnetic energy E radiated by the electron per unit of angular frequency ω and along the direction n = (sin ϑ n cos ϕ n , sin ϑ n sin ϕ n , cos ϑ n ) within a solid angle dΩ n = sin ϑ n dϑ n dϕ n is given by [see, e.g., Eq. (14.65) in
Since the pre-exponential factor in the integrand in Eq. (1) is equal to the time derivative of n × (n × β)/(1 − n · β), it is clear that the infrared limit
where β f /i = β(±∞). By introducing the corresponding asymptotic four-
, and the four-dimensional quantity n µ = (1, n), one can easily show that Eq. (2) can be rewritten in the covariant-like form [36] 
where the on-shell conditions p The final result is
which is a function of the Lorentz-invariant quantity ρ = (
This also implies that one could have used Lorentz invariance to evaluate the integral: by imagining to work in the initial rest-frame of the electron and by indicating there the physical quantities with a prime (p µ i = (m, 0)), the integral in dΩ n is easily taken and one would obtain Eq. (4), with ρ = ε f /m.
Since the function in Eq. (4) is "universal", i.e., independent of the specific problem at hand, and it essentially depends only on one physical quantity, it is worth plotting it (see Fig. 1 ). Also, for the sake of completeness, we report its two limiting expressions dE/dω| ω→0 ≈ (4/3π)e 2 (ρ − 1), for ρ → 1 + , and
It is clear that the expression dE/dω| ω→0 cannot be further integrated over ω to obtain the total emitted energy E. However, to this end the relativistic Larmor formula [1] 
where u µ (s) = p µ (s)/m = (ε(s), p(s))/m is the electron four-velocity and s its proper time, can be employed (see also below).
Analytical infrared limit of nonlinear Thomson scattering
Now, we consider a plane-wave background field, described by the four- From the exact solution of the LL equation in an arbitrary plane wave [33] (see the Appendix A) it can be seen that the asymptotic final electron four-
where
In the above equations, we have introduced the normalized field amplitudes [37] as a possible signature to measure radiation-reaction effects. In other words, unlike the leading-order dynamics of the electron determined exclusively by the external plane wave, the electron dynamics, which includes the effects of the self electromagnetic field, induces an overall change in the electron four-momentum. This in turn implies that in general the quantity ρ = (p i p f )/m 2 is larger than unity. In fact, it can easily be shown to be given by
If one imagines that radiation-reaction effects, i.e., higher-order radiative effects, induce small corrections to the Lorentz dynamics, Eq. (9) indicates two different scaling laws of these effects. On the one hand, the leading correction resulting from the function h f scales with the square of the parameter R C = e 2 η 0 ξ 2 0 (see also [33] ), where ξ 0 = ξ
gives a measure of the strength of the plane wave [38, 29] . On the other hand, the corrections resulting from the functions I j,f scale with the square of the parameter
. This is potentially highly beneficial because available highpower laser systems can routinely exceed the threshold ξ 0 = 1 [29] . However, as it is known, the plane-wave pulse duration also plays a role here, which we study below by means of two paradigmatic examples. First, we consider the case of a linearly polarized pulsed plane wave characterized by ψ 2 (ϕ) = 0 and by
where the parameter Φ gives a measure of the pulse duration and the parameter ϕ 0 is the so-called carrier envelope phase. Both quantities h f and I 1,f can be calculated exactly and, by denoting them as h G 1 ,f and I G 1 ,f , respectively, are given by
Since even for a single-cycle pulse it is Φ 2π, for the sake of simplicity we can neglect the correcting terms proportional to 1/Φ 2 2.5 × 10 −2 in Eqs.
(11)- (12) and we obtain the following approximated expression of ρ G 1 :
Note that, in general, due to the different scaling with respect to ξ 2 0 , the term arising from I G 1 ,f [the one on the second line in Eq. (13)] cannot be neglected. However, if one takes into account that quantum effects can be neglected only if η 0 1 and χ 0 = η 0 ξ 0 1 (see, e.g., [2, 38] ), that term can indeed be safely neglected even for upcoming high-power laser systems because of the expected pulse durations such that Φ 10π [39, 40, 41] . From now on we assume that this is indeed the case. The quantity
is obtained in general by substituting the resulting approximated expression of ρ G 1 in Eq. (4). For the sake of completeness, we report the asymptotic expressions of dE G 1 /dω| ω→0 in the two cases R C Φ 1 and R C Φ 1:
Now, the suppressing exponential factor in I G 1 ,f discussed above [see Eq. (13)] ultimately arises from the fact that the function
oscillating [see Eq. (8)]. Thus, in order to overcome this drawback, we follow [13] and use a linearly-polarized, two-color pulse:
which also employs the second harmonics of the fundamental driving field and which in general allows for the function
(ϕ) to feature a dc component. Here, the non-negative parameter ζ gives a measure of the relative amplitude of the two components and the constant ϕ ζ accounts for a possible phase shift between the two components. In order to make a fair comparison with the single-Gaussian case, we have rescaled the two-color field by the factor 1 + 4ζ 2 in such a way that the average intensity of the two fields is the same (strictly speaking for Φ 1).
By keeping again only the leading terms in the parameter Φ, we obtain in this two-color-Gaussian case
The second line of this result indeed shows the theoretical possibility of fully exploiting the additional factor ξ 2 0 with an appropriate choice of ζ and ϕ ζ . Indeed, knowing ϕ 0 , one can always choose ϕ ζ such that | sin(2ϕ 0 − ϕ ζ )| = 1, whereas the maximum of the function ζ 2 /(1 + 4ζ 2 ) 3 is 1/27 at ζ 2 = 1/8. In this respect, it is convenient to set g 2 /27 = sin 2 (2ϕ 0 −ϕ ζ )ζ 2 /(1+4ζ 2 ) 3 and to keep in mind that g 2 can be chosen to be approximately unity. As for the case of the single-color Gaussian pulse, the general expression of dE G 2 /dωdΩ n | ω→0 is obtained by replacing Eq. (16) in Eq. (4). Here, it is interesting to report the two asymptotic expressions of ρ G 2 for R C Φ 1 and R C Φ 1 under the experimentally relevant conditions g ∼ 1 and ξ 0 1:
Unlike for the single-color Gaussian pulse, in the case R C Φ 1 one has to employ the general expression of dE/dωdΩ n | ω→0 in Eq. (4) if R C Φξ 0 1.
For the sake of completeness, we report here the asymptotic expressions of dE G 2 /dω| ω→0 for R C Φξ 0 1 and for R C Φ 1:
In order to have an idea of the size of the discussed effects, we consider 
where the electron energyε(ϕ) is obtained from the analytical solution of the LL equation by neglecting there the terms due to the derivative term in the LL equation (see the Appendix A). A numerical evaluation of this integral for the one-and two-color Gaussian beams considered above gives E G 1 ≈ E G 2 ≈ 1 MeV. These values are in excellent agreement with the differences 9 × 10 −6 eV. As expected, most of the energy is emitted at frequencies much higher than ω M but the important result here is that the emission spectrum does not vanish in the limit ω → 0 as if one neglects radiation reaction.
We conclude by mentioning the consequences of the above results in relation to the underlying and more fundamental theory of QED and, for the sake of convenience, we reintroduce the constants and c. We recall that the study of the infrared behavior of QED and, in particular, of the so-called "infrared divergence" goes back to the well-known Bloch-Nordsieck result [43] : the logarithmic infrared divergence in the total number of emitted photons in an arbitrary QED process cancels out once one takes into account self-consistently quantum radiative corrections and the finite resolution of photon detectors (see, e.g., [44] ). The analysis of the origin of infrared divergences in QED is still active [45, 46] especially when processes occur in the presence of a background electromagnetic field [47] , in particular of a plane wave [34, 35] . Now, by formally dividing Eq. (4) by ω (before taking the limit ω → 0) and introducing a small fictitious photon mass µ 1 , one obtains that the number of photons
with energy µc 2 ≤ ω ≤ ω M logarithmically diverges in the limit µ → 0 [36] . This is not contradictory within the classical theory where the number of emitted photons has no physical meaning. Now, on the one hand, the spectrum in Eq. (1) (once the constant c is appropriately reintroduced) divided by ω coincides with the average number of emitted photons calculated quantum mechanically in the classical limit when the recoils of all emitted photons are negligible [48] . On the other hand, the LL equation is classically equivalent to the LAD equation, which has been derived from strong-field QED in [49, 50] (see also [51] ). The wording "classically equivalent" has to be intended as the predictions of the two equations differ by effects scaling with the (classical) parameters αη 0 and αχ 0 2 , with α = e 2 / c ≈ 1/137 being the fine-structure constant, which are much smaller than the quantum parameters η 0 and χ 0 (see Appendix C for additional details). Thus, one can conclude that in the infrared limit of smaller and smaller values of ω M the quantity
with ρ given by Eq. (9) provides the classical limit of the corresponding number of emitted photons calculated within strong-field QED in a plane wave, in the sense specified below. In fact, as it is clear from the derivation of the LL equation from the LAD equation [2] (see also Appendix C), the 1 Alternatively dimensional regularization can also be employed. 2 Recall that χ 0 = η 0 ξ 0 and that in cgs units α = e 2 / c and η 0 = (k 0 p)/m 2 c 2 , whereas ξ 0 is a classical parameter.
quantity N (ω M ; µ) is exact in the classical (and potentially large) parameter R C but undergoes additional classical corrections, which scale as αη 0 and αχ 0 and are, therefore, sub-leading with respect to quantum corrections 3 .
These additional corrections are expected to scale with the two classical parameters αη 0 and αχ 0 and are neglected in the whole above analysis. Indeed, these are about two orders of magnitude smaller than already ignored quantum corrections scaling with the parameters η 0 and χ 0 . In principle, a full quantum calculation should reproduce not only the leading-order classical corrections scaling as R C and evaluated above but also the additional classical corrections scaling as αη 0 and αχ 0 , which are sub-leading with respect to the quantum ones. However, in order to obtain solely the classical limit found above an appropriate sub-set among all possible quantum processes may turn out to be sufficient.
Conclusions
In conclusion, we have derived analytically the infrared limit of nonlinear Thomson scattering, which is valid to all orders in the classical parameter R C = αχ 0 ξ 0 , to leading order in the classical parameters αη 0 and αχ 0 , and for an arbitrary plane wave. The result shows that classical radiative corrections qualitatively and quantitatively alter the infrared behavior with respect to the leading-order Lorentz dynamics. On the one hand, these results can be employed in principle as signatures of classical radiation reaction. On the other hand, they represent the classical limit of the corresponding infrared behavior of strong-field QED in a plane wave, exact in R C and to leading order in αη 0 and αχ 0 . As a byproduct, we have also provided the analytical expression of the total energy emitted by an electron in an arbitrary plane wave by taking into account radiation reaction to all orders in R C .
Appendix A
In the present appendix we report the analytical solution of the LandauLifshitz (LL) equation [2] in a plane wave as given in [33] and the resulting overall energy-momentum conservation equation for the electron. For the sake of completeness, we also report the LL equation in an external electro- 
where we have introduced the constant quantities
, and ξ j = |ea j |/m, with j = 1, 2, and the functions
and
Note that the solution of the Lorentz equation is formally obtained by setting e 2 = 0 in the functions h(ϕ) and I j (ϕ) (see, e.g., [2] ). Also, if one assumes that |ψ j (ϕ)| ∼ |ψ j (ϕ)|, the term proportional to ψ j (ϕ) in I j (ϕ)
can be neglected according to Landau and Lifshitz reduction of order [2] .
This can also be seen directly from the LL equation because eF
]u ν , which shows that the second term is about αη 0 times smaller than the first one (see [2] ).
Having neglected this term, the overall energy-momentum conservation law 
arises from the Lorentz-four-force in the LL equation and is the energymomentum transferred by the plane wave to the electron as it moves inside the plane wave (this quantity also vanishes if radiation-reaction effects are ignored), where and is the energy-momentum transferred from the plane wave to the electron concurrently with the emission of radiation, and where
arises 
Appendix B
In this appendix we provide a suitable expression for the upper limit ω M of the emitted angular frequencies ω such that the phase Ψ = ω M (t−n·r) can be neglected in Eq. (1). Since we need only an order-of-magnitude estimate of ω M , for the sake of simplicity: 1) we neglect radiation-reaction effects; 2)
we assume, as it is also usually the case in experiments [26, 27] , that the electron is initially counterpropagating with respect to the laser field with energy ε i mξ 0 m; 3) we look at emission directions n where most of the radiation is emitted such that if n · β = β cos θ, then θ θ * = ξ 0 /γ i 1 (see, e.g., [53] ). Without loss of generality for the estimation of ω M , we can also assume that r(0) = 0, such that
where β 0 (ϕ) and γ 0 (ϕ) are the phase dependent modulus of the electron velocity and its Lorentz factor according to the Lorentz equation (see the study the general scaling of the various terms in the LL and the LAD equations. Now, it is first convenient to introduce the dimensionless quantities
Here, we have introduced the quantities r 0 = e 2 /m = αλ C (classical electron radius) and 
where the symbol ∇ µ indicates the derivative with respect to the dimensionless coordinates ζ µ , such that ∇ µ = O(e 2 ). Now, the first term in each square bracket corresponds to the LL equation and all others are the higher-order corrections, of the order of either e 5 or e 6 . By indicating as χ and η the parameters reducing to χ 0 and to η 0 in the case of a plane wave, it is clear that −Φ µλ (x)u λ Φ µν (x)u ν ∼ αχ and u µ ∇ µ ∼ αη, such that the higher-order terms are always either αχ or αη times smaller than the leading-order terms included in the original LL equation. We conclude by making two remarks.
Firstly, the form (C.3) of the LAD equation and the scaling of each term in it clearly shows that the above conclusion will be true also at higher orders in e. In this respect, it is worth noticing that, in constructing higher-order Eq. (C.4) is also proportional to u µ , such that the effects arising from this correction will always be αη times smaller than the effects scaling with R C and then negligible with respect to the quantum corrections to the latter effects.
